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GRADE 12 LEARNERS’ UNDERSTANDING AND
MISCONCEPTIONS WHEN LEARNING FUNCTIONS
AND DERIVATIVES GRAPHS IN CALCULUS

Abstract. Calculus is based on an understanding of the graphical depiction of the derivatives
and its functions which remain important in mathematics, yet there are many misconceptions which
could impede a student's advancement in these topics. On this note, the idea that the slope of the
line passing through a point represents the derivative of a function at that point is a common fallacy.
Because this idea ignores the believe that the tangent line is the limit of secant lines as they approach
the point of tangency. Therefore, the ideas of the derivatives and their uses were seen in an overly
simplistic light. These misinterpreting of the derivative as a ratio of dy to dx instead of seeing it as
the average rate of change's limit is another prevailing misunderstanding among the students. Due
to this misperception, differentiation was approached mechanically without consideration for its
theoretical foundations among the students. As a result of this, some students find it difficult and
often misuse it, misidentifying the inner and outer functions and failing to recognize the composition
of functions. And this had led to certain misunderstandings and misconceptions when it came to
applying the graphical method for computing derivatives in mathematics. The result of this study
had led to recognizing some misconceptions, including incorrect assumptions made when learning
new concepts, and this include, conceptual misconceptions, conceptual errors, generalization or
transfer errors, ignorance of rule restrictions, and insufficient application of rules. A qualitative
method was used for the study with the selection of Grade 12 math students from a South African
high school to accomplish the study's goal.

Keywords: misconception; knowledge; calculus; function; graph.
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Introduction

The teaching of calculus among Grade 12 students ought to be done with a basic understanding
of functions and derivative graphs, and how to represent them graphically, but some studies had
reported some misconception commonly found among grade 12 students (Jameson et al., 2024;
Syarifuddin & Sari, 2021). This is due to some factors which include, a lack of conceptual clarity,
inadequate teaching strategies, and incorrect use of graphical symbols (Bursa & Polar, 2020;
Jameson et al., 2024; Ozaltun-Celik et al., 2021). Due to this, some students are struggling with the
abstract nature of functions taught among the students, which had led to a superficial understanding
that hinders their ability to apply concepts to new problems. For instance, the misconception
that a function's graph can be drawn without considering its domain and range is common. This
leads to errors in sketching accurate graphs, which are essential in visualizing the behavior of
functions (Bragdon et al., 2019). Moreover, some students don’t fully grasp the significance of
key features such as asymptotes, intercepts, and intervals of increase and decrease, which are vital
in interpreting real-world scenarios (Hadjidemetriou & Williams, 2002). To mitigate these issues,
there is a need of emphasizing on the deeper conceptual understanding through interactive learning
experiences, real-life applications, the use of technology to visualize functions dynamically and
avoid overgeneralization (Fasinu, 2024). By addressing these misconceptions, we must enhance
students' comprehension and enable them to harness the power of calculus as a tool for solving
complex problems (Atar & Aykutlu, 2023).

Certainly, there are some common misconceptions in calculus, particularly in derivative
graph which often stem from foundational concepts being misunderstood (Syarifuddin & Sari,
2021). And some of these include: One, the misconceptions about the belief that a continuous
function must be differentiable everywhere, which is not the case. Two, the misconception about the
confusion between the point of inflection and the concavity of a function which allow the students
to sometimes mistakenly believe that a point of inflection implies a change in concavity (Korner,
2005). Additionally, there's the misconception regarding the limit of a function, where students may
assume that if a function approaches a value as x approaches infinity, the function must equal to that
value at infinity. Another is a form of a misunderstanding that the true meaning of an asymptote is
also prevalent; it is often thought to be a line that a graph cannot cross, whereas, in reality, a graph
can cross its asymptotes. Lastly, the improper use of notation and terminology, such as confusing the
delta (A) symbol with the derivative (d), can lead to significant errors in understanding and applying
calculus principles. Addressing these misconceptions requires careful instruction and a focus on
conceptual understanding to ensure students develop a robust mathematical foundation (Ozaltum-
Celik, 2021; Syarifuddin & Sari, 2021; Kérner, 2005).

However, some students can self-correct their misconceptions in calculus by actively
engaging in reflective practices and seeking a deeper understanding of the concepts (Kérner, 2005).
One effective strategy is to regularly review and analyze solved problems, identifying any errors
in reasoning or application. This process can be enhanced by discussing problems with peers or
educators, which often leads to new insights and corrections of misunderstandings. Additionally,
utilizing technological tools such as graphing software can help students visualize functions and
their properties, making abstract concepts more concrete. It's also beneficial for students to approach
problems from multiple perspectives, as this can reveal underlying misconceptions and provide
a more rounded comprehension of the material. Regularly testing one's understanding through
practice problems that challenge common misconceptions can further solidify correct knowledge.
Finally, accessing resources that specifically address misconceptions in calculus can provide targeted
strategies for overcoming these hurdles (Ozaltum-Celik, 2021).

The concept of higher-order derivatives also poses challenges, with students sometimes
viewing them as merely repeated applications of the first derivative, rather than as successive
derivatives that provide deeper insights into a function's behavior, such as concavity and points of
inflection. There is also a tendency to overlook the geometric interpretation of the second derivative
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as the curvature of the graph. Students may also harbor the misconception that all functions are
differentiable everywhere, which is not the case. Functions can have points or intervals where they
are not differentiable, such as corners, cusps, or vertical tangents. This misunderstanding can lead to
incorrect assumptions about the existence of derivatives and their properties Jameson et al., 2024).
The derivative of a constant function being zero is another concept that is often misunderstood.
Some students mistakenly believe that since a constant function has no rate of change, it should
not have a derivative at all. This reflects a lack of understanding that the derivative quantifies the
rate of change, and a zero derivative accurately represents the constant function's static nature.
Furthermore, when dealing with implicit differentiation, students might not fully comprehend that
they are differentiating both sides of an equation with respect to x, which can lead to errors in applying
the derivative rules. This is compounded by the confusion between differentiating with respect to a
variable and taking the derivative of an expression (Jameson et al., 2025). In the context of applied
problems, such as related rates or optimization, students may not correctly translate the real-world
situation into a mathematical model involving derivatives. This can result in the misapplication
of differentiation techniques and incorrect solutions to problems (Zehra & Abbasi, 2019). To
combat these misconceptions, educators must emphasize a conceptual understanding of derivatives,
linking the algebraic processes to geometric interpretations and real-world applications. Interactive
visual tools and carefully designed problem sets can help students build a robust understanding
of derivatives, their properties, and their significance in calculus. By addressing these common
misconceptions, students can develop a more nuanced and accurate understanding of derivatives,
paving the way for success in calculus and beyond (Jameson et al., 2025). It is through this deeper
comprehension that students can appreciate the beauty and utility of derivatives in mathematics.
This study was guide by the research question stated below.
e What are the common Knowledge and misconceptions possess by the Grade 12 students
when learning functions and derivatives graphs in Calculus?

In achieving the goal of this study, the researchers discussed the views of other researchers and
methodology adopted in carrying out this study.

Mathematics reasoning and misconception on Graphical representations

The journey through calculus is often a pivotal moment for Grade 12 students, as it represents
asignificant leap into the abstract and complex world of advanced mathematics. A fundamental aspect
of this journey is the understanding of functions and their graphical representations. Knowledge in
this area is crucial, as it forms the backbone of calculus and its myriad applications. However,
misconceptions can arise, sometimes from a lack of connection between the algebraic and geometric
perspectives of functions. Students may grasp the procedural mechanics of calculus without truly
understanding the underlying concepts. For instance, they might be able to compute a derivative but
fail to recognize its graphical interpretation as the slope of a tangent line at a point on a curve. This
disconnect can lead to a superficial understanding of calculus, where students are equipped to solve
equations but are ill-prepared to apply these principles to real-world problems.

Another common misconception is the belief that a function's graph can be sketched by
plotting a few points and connecting them with straight lines. This oversimplification ignores the
nuances of continuity and differentiability, essential concepts that influence the shape and behaviour
of graphs. Students must appreciate that functions can exhibit a wide range of behaviours, such as
asymptotes, discontinuities, and intervals of increase or decrease, which are critical to understanding
the nature of the function (Rodriguez & Jones, 2021). Moreover, the misinterpretation of the domain
and range of functions can lead to erroneous conclusions about their graphs. Students often struggle
with the concept of domain, particularly with functions involving roots and fractions, which can
lead to incorrect graphs that do not accurately reflect the function's properties. Similarly, confusion
about the range can result in graphs that either overextend or truncate the true scope of the function's
values. To address these misconceptions, educators must emphasize a conceptual understanding of
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functions and their graphical representations. This involves linking algebraic expressions to their
visual counterparts and encouraging students to analyses the behaviour of functions beyond mere
point plotting. Interactive tools and software can aid in this visual learning, allowing students to
experiment with functions and observe the immediate impact on their graphs.

In conclusion, while Grade 12 students may face challenges in mastering functions and
graphical representations in calculus, these obstacles can be overcome with a strong conceptual
foundation. By dispelling misconceptions and fostering a deeper comprehension of the relationship
between functions and their graphs, students can unlock the full potential of calculus as a powerful
tool for analysis and problem-solving (Darren, 2019). As they transition from high school to higher
education, this knowledge will serve as a critical asset in their mathematical toolkit. Calculus, that
intricate dance between functions and their rates of change, captivates both novices and seasoned
mathematicians. As students grapple with its nuances, they often encounter misconception on those
elusive shadows that can lead them astray (Makonye & Luneta, 2016; Ozaltun-Celik, 2021). In
this exploration, we’ll delve into the mental landscape of calculus learners, shedding light on their
understanding of graphical approaches to derivatives (Macey, 2019; Ozaltun-Celik, 2021). To teach
derivatives effectively, we must guide students toward visualizing the concept. Graphs become our
canvas, allowing us to paint the essence of slopes, tangents, and instantaneous change (Zehra &
Abbasi, 2019).

Methods

The section present the method used by the researchers in collecting and reporting their data on the
common knowledge and misconceptions on Common Knowledge and Misconceptions Among Grade
12 students when learning Functions and Derivatives Graphs in Calculus. The Grade 12 mathematics
students from one of the province's secondary schools were chosen for this study, which used a practical
and purposeful sampling technique. Reaching the students was simple and convenient because one of
the researchers worked as an educator at the college. Differential calculus is covered in the grade 12
mathematics curriculum; hence the chosen sample included the necessary data.

Research Design. This is a logical method adopted by the researchers when collecting a data for
a study and its required some major stages which include, sample and sampling, stages of data
collection and researcher participants among many others. To validate the accuracy of this study, the
process adopted for data collection and analysis are carefully explained below.

Participants. For this study, 35 Grade 12 students were invited after the the consent form had been
completed, and their views on how they calculate some aspects of derivative and the functions
graph were tested. Their answers to the survey questionnaires assisted the researchers to recognise
their understanding on the functions, graph and the approaches of drawing them. Therefore, seven
students were chosen utilizing their worksheets based on the data gathered from thirty-five Grade
12 students. Five students were then chosen for the interview section. Each of these students made
some valuable contributions on their understanding of the misconceptions that 12th graders have
when learning calculus, functions, and derivative graph. All these were done with the assistance of
qualitative method to meet up with the objective of the study.

Conceptual Framework

Previous framework on the avoidable misconceptions on the calculus (i.e. derivatives and
functions graphs) as taught among grade 12 students in south Africa had reported some researchers
among which are Jameson et al. (2025), Jameson et al. (2024), Makonye and Luneta, (2016), Tohl
(2021) and Ngulube and Ogbonnaya (2023). Furthermore, Asiala et al. (1997), Borji et al. (2018),
Delos-Santos and Thomas, (2005), Jones and Watson (2018), Ozgen, et al. (2017), and Park et al.
(2013). But Zandieh (2000) and others explained the developmental progressions that are being
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discovered when teaching the process of the derivative and functions as topic in Grade 12 level. In
his study, Zandieh reported a framework for exploring students’ understanding of derivative which
was said to contains four contextual ideas and these include; the graphical context, verbal context,
paradigmatic context and a symbolic context.

Accordingly, Borji and others who reported that when students are studying derivaties and
function using a graphical illustration, they find the slope of a secant line through two points on
the graph. Secondly, they use the concept of limit to find the slope of the tangent line at a point
by thinking of approximation points on the curve to a specific point. Finally, comprehending the
derivative as a function requires understanding that the slope is different for different values of the
independent variable (Borji et al., 2018b). Therefore, when learning some complex mathematical
ideas on graph, some misconception could be classified into four division as suggested by on domain,
function, sketching method and plotting procedure (Syarifuddin & Sari, 2021).

Sentatiye

Figure 1: Nature, Nurture-based Graphical misconception

Gathering from the framework stated above, it could be said that some of the misconceptions
among the students when learning functions and derivatives could be discovered when the learners
are calculating some important concepts like functions, derivative and the rate of change before
transforming them into a graph. For instance, if a students understand derivative, he/she could be
able to explain the average range of change which form how the slopes of secant lines and the slope
of tangent line could be reported But the fact remains that during the learning of these concepts some
students run into some errors as a result of an inadequate understanding on how to go about them, and
some of these misconception include; Conceptual misconception, generalisation or transfer errors,
ignorance of the function rule, incomplete application of the sketching method, wrong hypothesis
and plotting procedure among. All these came in due to low instrumental understanding of the
derivative concept (Sahin et al., 2015).
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Data presentation

This section presents a data that reported the views of the participants on the common knowledge
and Misconceptions among Grade 12 students when learning functions and derivatives graphs in
calculus. In reporting the views of the participants, the following sections were carefully presented
thematically using the views from the participants. And these were discussed using some categories
and subcategories in the following sections.

Interview on learners understanding of f(x), f/(x) and f”(x)

[1 Learner 8 misconceptions on fG), f1(x) and (x)

U
[l Learner 10 misconceptions on FCO, /(%) ang ()
] Learner 11 misconceptions on f ), f/(x) and /(%)

[1 Learner 12 misconceptions on fGO, /() ana /10
All these were reported to described the views of the grade 12 learners on their common knowledge
and misconceptions on function and derivative graph when learning calculus. On this note, the
thematic section reported below, was anchored the sample question shown as followed.
Sample question 1for testing grade 12 Learners’ misconceptions on f (), f/ (x) and f'/ (x)
For this study, the question below was used to investigate the common knowledge and misconceptions
among the Grade 12 students when learning functions and derivatives graph in calculus. And a
careful analysis was reported in the succeeding sections.

Question 1. Below is the graph of the first derivative f’(x) = - 3x? + 6x , for a certain function f{x)

o

F=3

1.1 Calculate the x -coordinates of the stationary points of f(x). Justify your method.

1.2 Determine value of x at the point where the concavity of f(x) changes. Use given graph to
explain your answer.

1.3 1t is further given that f(x) = - ax 3+ bx 2+ cx - 4. and f (2) = 0, draw a rough sketch of f(x),
clearly showing the coordinates of the turning points. Give reasons to justify the sketch you have
drawn.

Figure 2: Sample question 1 for testing grade 12 Learners’ misconceptions
Question 1 aimed at assessing the learners’ knowledge of functions and the interrelationship between
functions and derivatives and the geometric meanings of the first and second derivatives. The focus
was on whether learners could use the given graph of f/(x) = - 3x 2+ 6x to make deductions on
either f(x) or f” (x).

This was a higher order question to check on learners’ understanding of
f/(x)and how it relates to f(x) and f”(x). A few learners in this group of nineteen learners, (cil) (19),
could not explain why f(x) = 0 is used to find stationary points even though they found the correct
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answers. Others, on the other hand, treated f/(x) as f(x) and eventually worked with f”(x) = O to try and
find stationary points, i.e. lacking understanding of the relationship between the three f(x), f/(x) and
f/(x).Forexample, L27 presented the following solutioninresponse toquestionon finding turning points
f'(x) = -3x?+6x; f (x) = -6x +6=0; x =1, as shown in example below.

1 F (o) = —Zect+
= TSt A4 ot
J()’L}T:% — oo -+ (= —

/ =S

Figure 3: L27’s solution to question 5.1

In Figure 3, L27 finds the derivative of f’(x) but writes f(x) when in fact he is now working with
f”(x)=0 to address the question on turning points of f(x). This type of error could be a product of
learning which is dependent on drill where the learner has been conditioned to assume that to find
a turning point, one must first find the derivative of the given function. In this case when L27 is
presented with the derivative f/(x), he fails to correctly resolve the calculus question because there
is a lack of conceptual understanding of the derivative and how it relates to the original function
f(x). One learner, L16, in this group ,(ci5) (19), introduced f(x) from f’(x) = - 3x ? + 6x, giving
f (x) = -x3+ 3x? as shown in Figure 4.34 below.

2201 Stationor Y. pt. 'm' rci

?C::L)—-_x_?;..:\..:gpc_z_

*"“)L.g -+ "?;,’x_ = O
'},2 (:;L,'*- ?:, .) = o

T ey %

> gz_j _ . Z(_":': gu,_;.,_.‘

Figure 4: L16’s solution to question 5.1
L16 failed to realize that f/(x) = - 3x 2+ 6x could be the derivative of any function
f (x) = - x3+ 3x?+ c ,where c is any constant. L16 uses f(x) = - x 3+ 3x? = 0 in his attempt to
address the question of turning points of f(x) . This is an indication that the learner has a shallow
understanding of f(x) and f/(x) and how they relate to each other as it is only the first derivative f/(x),
which must be equated to zero to find turning points of f(x).
Interview on learners understanding of f(x), f’(x) and f”(x)
Five learners L8, L9, L10, L11 and L12 were interviewed so that they clarify their written

responses to question 1.
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Learner 8 misconceptions on | GO, £/ () and £ ()

The researchers probed the learner 8 to confirmed how the graph could be used to find the
turning point. On this note the interaction had by the researchers and the students goes thus;
R: How do you use the graph of y= f/(x) to find the turning points of f(x).

L8: The x-intercepts where y=0 show the turning points of f(x)

Cu /‘1 o0 ,'
L ( Fex) = OLY o 2
7.
b ) /5N ; ; f:f(i) = e 0N ey 2 2
f’;.”,’()()‘, w B f(—\) F iy F:Kf“"” A
0 -3 -3) 12 FOx) = —ax +bx s0c -
%= O oy 2T

Figure 5: L8’s written responses to Question 1
R;. Can you explain your answer on where the concavity of f(x) changes.
L8: Concavity of f(x) must change between x=0 and x=2. Using f"(x)= -6x+6 =0
Concavity changes between x > 0 and x< 1.
R: Why did you not draw the graph of f(x) = - ax 3+ bx? + cx — 4.
L8: We are not given enough information to draw graph. The values of a, b and ¢ must be known first.
L8 understood how to use graph of first derivative to identify turning points of f(x), but had
misconceptions on how the second derivative is used to determine concavity of f{(x). L8 misconception
was viewing concavity as changing over an interval when concavity changes.
at the point of inflection where f”(x)=-6x+6 =0.
L8 lacked the relational understanding of f(x) , f/(x) and f”(x) , as he failed to use turning point of
graph of f/(x) to answer question on concavity changing at f” (x)=0. Secondly the learner failed
to use answers from 1.1 on turning points of f (x) to sketch graph arguing there is insufficient
information. This is evidence that the learner was treating each of these three f(x) , f/(x) and f”(x)
as separate concepts and not an interrelated structure of mathematical concepts.
Learner 9’s misconceptions on f (x), f/ (x) and f// (x)
This sectionreports the result from the students on the common knowledge and misconceptions
on the teaching and learning of functions and derivatives graph.

Sl flwe o3 tbn | P gnpnis gnene dwn Lwvert, £ o’
Foso . 613 fiar Otttz A {0 ¢
] —%"H‘\—‘G \ ‘ ; 019 |
~fus b BH, - e
3 (B - ﬁ — SN T S
s+ In ‘Mn-‘ft?) }mlhf ot -Sfi\ﬁaﬂmj 'l'j"{'qrs e Fi=0 : e 1‘
Con cave. cbwn ‘ — S g
) L0 e ot
bt 6 Yo
~px 222 z)g
— —& "
A 1=

b

™
=
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Figure 6: L9 written responses to Question 1
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Researcher: How do you use the graph of y= f/(x) to find the turning points of f(x)?.

L9: At turning points f /(x)=0, so we solve equation - 3x 2+ 6x=0

Researcher Can you explain how you solved the quadratic equation - 3x + 6x=0 in 5.1

L9: You divide all terms by common factor x to get -3x+6=0. Then divide by -3 to get x=-2.
Researcher: Why did you write concave down when question asked for point where concavity
changes?

L9: For concave down we find f/(x) < O, but when we solve -6x+6< 0, x=1 which is bigger than
zero which means graph is concave down when f /(x) = 0

Researcher: Can you explain which factors helped you to draw graph of f(x)=-ax 3+ bx 2+ cx—4in5.3
L9: T used f(2)=0 ,so when x=2 ,y=0 and the coefficient of x*which is - a to get shape of graph. The
other turning point must be at x= -2 but y value cannot be found.

L9’s misconceptions were firstly on the solution of equations. In solving the equation- 3x 2+
6x=0, the learner divides all terms by an unknown value x, which is incorrect because he loses
one of the solutions of the equation, that is x=0. Hence dividing by x, L9 is dividing by zero which
mathematically is not allowed. This is not a misconception on calculus related concepts but is an
error resulting from flaws in the mastery of extrinsic calculus concepts relating to the solution of
algebraic solutions.

Secondly, L9 had a misconception on what is meant by “concavity changing”. The concept of
concavity had been misunderstood as the learner introduces “concave down” in place of “concavity
changing”. The first one is an interval while the second is a point of inflection, hence this is an
indication that the learner is relying on memorisation of procedures, rather than on a conceptual
understanding of the concepts. When the learner got an answer of x=1, there appeared to be
confusion in his explanation that the answer is greater than zero, as if to imply he expected it to be

less than zero from f/(x) < 0. The learner’s last explanation for “concave down” changes to “graph

is concave down” where f /(x) = 0, an indication that the learner was struggling to distinguish the
values of the second

Learner 10°s misconceptions on | GO, /G and f7 (O

This section reports the result from the students on the common knowledge and misconceptions
among grade 12 learners when learning functions and derivative graph. And the report of the
interactive section is hereby reported below.

Figure 7 below report all the participant understand about function and the derivative graph.
misconceptions on the teaching and learning of functions and derivatives graph derivative, f /(x),
from the values of x, and that there is no contradiction if one gets an answer of x> 0 when solving
for f/(x) < 0.

On the question of sketching the graph, L9 failed to establish the linkages between f(x) and the first
derivative f’(x). The choice of f(2)=0 as a turning point appeared to be accidental as it is not supported
by any correct working from f’(x) = - 3x >+ 6x=0. The graph of f/(x) is given showing two x-intercepts
which were not utilised by the learner in sketching the graph of f(x). This is evidence that the learner
lacked the relational understanding of the function, f(x), and its first derivative, f'(x), as well as what
information is conveyed by each graph. The learner fails to identify the y-intercept of the graph in
f(x) =-ax3+bx 2+ cx—4.

These misconceptions for L9 resulted from the learner failing to understand intrinsic calculus
concepts on the relationship between the function, f(x), and its derivative and the geometric meaning
of the second derivative.
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Figure 7: L10’s written responses to question 1

Researcher :Give a reason for your method of finding stationary points of f(x).

L10:For a stationary point, the first derivative is zero , so f’(x) = - 3x 2+ 6x is equal to zero.
Researcher: How do you use the graph of y= f/(x) to find the turning points of f(x).

L10:If y= f/(x), then y=0, it is at the x-intercepts of graph.

Researcher: How can we find point of inflection from the given graph of f’(x)?

L.10: To find point of inflection we use f”(x)=0, not the graph of f’(x). We find the second derivative
and equate to zero.

Researcher: When drawing graph of f(x) you marked a point y= -4 on the y-axis, what does it mean ?
L10:I used x=0 for y-intercept of graph of f(x) = - ax*+ bx?+ cx—4

Researcher: Why do you have a turning point at ( -2;0)?

L10: Tused f(2) = 0 , but when I use (2;0) the shape of cubic graph will not be correct.
Researcher: Can you explain the answers you got in 5.1 of x=0/ x=2 . What were you calculating?
L10: At turning point f’(x) =0, so we solve - 3x 2+ 6x =0

Researcher:Why did you not use your answers for 5.1 to answer 5.3 to sketch graph of f(x)?
L10:Question 5.1 is for f/(x) = - 3x 2+ 6x and 5.3 is for f(x) = - ax 3+ bx 2+ cx — 4, they are different.
Here f(x) has many unknowns.

L10’s insistence on using f ”(x)=0,is a reflection shows that he was relying more on memorisation
of procedures for finding the point of inflection and did not understand that the turning point of
the graph of f /(x) the gives point where concavity changes and it is symmetrical about the two
turning points of f(x), that is x=0 and x=2. L.10 evidently lacked a relational understanding of f(x),
f/(x) and f” (x).The graph that L. 10 drew is additional evidence of the learner’s shallow understanding
of the concepts. He did not seem to understand the meaning of f (2)= 0, as it is not marked on the
graph and is not used in addressing the problem.

Secondly, the learner failed to utilize f/(x) = - 3x 2+ 6x = 0 in determining the turning points of
the required graph, even after correctly solving for x-coordinates and identifying and marking the
y-intercept of f(x). L10 appeared to address questions on a part by part basis and thus failed to see
the interrelationship between the concepts f(x), f/(x) and f”(x) as he could solve f/(x) =0 in 5, but
did not seem to appreciate how this relates to the graph of f(x)in 5.3. The learner’s approach to
resolving given problems reflects an instrumental understanding of the calculus concepts as opposed
to a relational understanding.

Learner 11°s misconceptions on FGO,f/ ) and f7 ()
This sectionreports the result from the students on the common knowledge and misconceptions
on the teaching and learning of functions and derivatives graph
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Figure 8: L11’s written responses to Question 1

Researcher: How do you use the graph of y= f’(x) to find the turning points of f(x).

L11: To find turning points we put f’(x)=0 and solve.

Researcher: Explain your answer on concavity changing in 5.2

L11: When concavity is changing the second derivative is greater than zero.

Researcher: In your graph in 5.3, you marked a point y= -4 on the y-axis, what does it mean?

L11: Y-intercept, x=0, so when I substitute x=0 in f(x) = - ax* + bx 2+ cx — 4 answer is — 4.
Researcher: Your graph shows x-intercepts x=0 and x=2, where did you get them?

L11: If we solve - 3x 2 + 6x =0, answer is x=0 or x=2 when y=0 at x-intercept

Researcher: Why do you have a minimum turning point between x=0 and x=2

L1I: I used the turning point of the derivative; it is between x=0 and x=2

The first misconception for L.11 was that concavity changes when f”(x) > 0. The concept has been
misunderstood as the point of inflection is the point where concavity changes, and it is not an interval.
The second misconception was on the solution of inequalities. L11 gave the answer x > 1 from
-6x > —6, yet the correct solution should be x <1 after the division with
-6 on both sides. This error is a result of a weak background on extrinsic calculus concepts relating
to the solution of equations and inequalities, which were learnt in earlier grades.

The graph and responses of L11 to oral questions reflected that even when the learner was able to
mark the y-intercept, i.e. ¥ = —4 when x = 0, he fails to use the point to sketch the graph of f{x)
=-ax?+ bx?+ cx — 4, reflecting a lack of understanding of the fact that f(0) = —4 is a point on
the graph. Secondly the learner failed to link f/(x) = - 3x 2+ 6x = 0 and f(0) = —4 (o establish
that f(0) = - 4 is another turning point for the graph, instead the minimum point on his graph seemed
to be obtained by guesswork. The other misconception is that the learner uses the solutions of f’
(x) = - 3x 2+ 6x =0 for x-intercepts, yet this is a calculation for X -coordinates of turning points,
so the x -intercepts of the graph of the first derivative are not necessarily the x -intercepts of the
function f(x). The sources of these misconceptions are intrinsic calculus concepts of derivatives of
functions and how to interpret the graph of the first derivative, in relation to the original function
and the second derivative.

Learner 12’s misconceptions on f (X), f /(%) and /(%)

This sectionreports the result from the students on the common knowledge and misconceptions

on the teaching and learning of functions and derivatives graph
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Figure 9: L12’s written responses to Question 1

Researcher: How do you use the graph of y = f/(x) to find the turning points of f (x).

L12: At turning point the derivative is zero, y=0.

Researcher: Explain what is meant by ‘concavity changing’

L12: Concavity is changing when the second derivative is negative

Researcher: When asked to sketch graph in 1.3 you found f(2) = -8 and f(0) = -4, explain why ?

L12: These are points on the graph using the two values of x=0 and x=2 which I found in 5.1 for
turning points.

Researcher: Where did you get f(x)= -2x3+3x?-4 which you used to find the points on f(x).

L12: T used the given derivative f/(x) = - 3x?+6x.

L12 appeared to be facing challenges resolving the given calculus problem. The first question
required him to explain how to use the given graph of the derivative f (x) to find the turning points
of the function f (x) and his response was on a procedure to be followed without any reference to the
graph. This is an indication that he was unable to interpret the graph in terms of what information
it provided about f(x). This demonstrated a lack of a relational understanding of f(x) and the first
derivative.

Secondly, the concept of concavity had been misunderstood by L12. His cancelled solution
had f “(x)> 0, and the second attempt had f “(x)< 0. This is evidence that the learner
had misconceptions about the meaning of ‘concavity changing’ concerning the second
derivative. The question was asking for the point of inflection, but the learner appeared to
be focused on procedures of solving inequalities without an understanding of the concept
in question. The other error was in the solution of f 7(x)=< 0, with the final answer from
-6x< —6 is x = 1 which is incorrect. The correct answer should be x =1, after division by -6 on
both sides. This error was a result of a flawed knowledge of inequalities which is now creating
barriers in the learner’s attempts to learn new calculus concepts.

Thirdly, L12 made an error in his attempt to derive the equation of f(x) from the equation of first
derivative f/(x)= - 3x*+6x.The given derivative could be of any function f(x) = - ax + bx 2+
c where c is any constant. The learner demonstrates a lack of understanding of the relationship
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between the function and its derivative. In addition, the learner appears not to understand functional
notation as he is given f (2) = 0, which means (2;0) is a point on the graph of f(x), hence his turning
point of f(2) = —8 could not be correct if it is the same graph. The learner marks two points (0;-
4) and (2;-8) as TPs on the graph, but his graph does not turn at (0;-4). This is evidence that the
learner is merely going through procedures without a conceptual understanding of the mathematical
concepts involved. The root cause could be teaching and learning methods which emphasise drill
and practice at the expense of conceptual knowledge.
Discussion
These common knowledge and misconceptions among the grade 12 students when learning functions
and derivatives are discussed under the headings below.

e Conceptual/domain misconception

e  Generalisation or transfer errors

e Ignorance of the function rule

e Incomplete application of the sketching method

e  Wrong hypothesis and plotting procedure.
The outcome of the sample reported when presenting the views of the grade 12 students on the
common knowledge and misconceptions on functions and derivative graph had shown that when
assessing the learners’ knowledge on functions, an interrelationship do exist between functions and
these had resulted to some misconceptions when learning them. Therefore, the underlisted sections
were reported because of the finding reported by the researchers.
Conceptual errors: This is a form of misconceptions observed when the learners confused
the x-intercepts of the graph of the derivative with the x-intercepts of the function, reflecting
misconception on the geometric meaning of the derivative. This is a conceptual error discovered in
the derivative of a function where learners struggled to interpret ¥ = f(x) = 0, The x-intercepts of
y = f/(x) indicate the turning points of the function. Secondly, some learners treated the derivative
function as the function f(x), and used the second derivative to find turning points of the function.
The other misconception was interpreting the turning points of the graph of the derivative as the
turning point of the function, f (x), yet the TP on f/(x) is the point of inflection. This pointed to
learner misconceptions on the concept of a derivative of a function.
Wrong hypothesis and plotting procedure
Whenever, there is an evidently lack of understanding of the relationship between the
three symbols f(x), f ‘(x) and f 7 (x), as exposed by statements from learners, such as
f/(x) = -3x2+6x= -6x +6=0;x =1 where f/(x)is treated as f (x) and f” (x) is used as
f’/(x). A form of wrong hypothesis and lang of understanding on the plotting procedure
is discovered. This was what Borasi (1987) referred to as the wrong hypothesis used
to learn new concepts as the learner is equating f /(x) and f 7 (x) in trying to resolve the
calculus problem. L16 in figure 4, which introduced f(x) from f’(x) = - 3x ? + 6x, giving
f(x) = -x3+ 3x%instead of f(x) = - x?3+ 3x?+c, demonstrating a lack of understanding of the
relationship between f(x) and f(x).
Ignorance of the function rule
This is another form of misconception and error that was committed by .16 which could be regarded
as an error of an ignorance of rule restrictions on finding f(x) from the derivative f’(x). Hence when
required to sketch the graph of f(x) = - ax?®+ bx?+ cx—4 where f(2)=0 and f/(x) = - 3x 2+ 6x,
the learners struggles to come up with the correct graph.
Generalisation or transfer errors
The generalisation or transfer errors on f(x), f ‘(x) and f” (x) and the interrelationship between
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them. It’s a form of error when the learners fail to demonstrate the appropriate level of conceptual
understanding of what information is provided by f(x) and f/(x) in f(x) = - ax 3+ bx ? + cx — 4;
f(2) =0 and f’/(x) = - 3x?+ 6x, as well as how this information is interlinked because they
relied on their instrumental understanding of derivatives. These findings confirm Orton’s (1983)
observations that students may have adequate procedural knowledge of routine differentiation, but
lack conceptual understanding of the derivative. Porter and Masingila (2000) also made similar
observations on students not having problems with simple procedures of differentiation and finding
limits, but struggling when required to demonstrate a deeper understanding of some underlying
mathematical notions validating these procedures. Sample data for this research shows examples
where L11 in figure 8 and L.10 in Figure 7 ignore critical information such as f(2) = 0 or marking point
f(0) = -4, They are not using this information when sketching the graph or finding the x-coordinates
of turning points from f/(x) = - 3x 2+ 6x =0, as L10 in Figure 7 did, but could not use these answers
to produce the final graph.
Incomplete application of the sketching method

This is a form of error and misconceptions resulted from the learners’ incomplete application of
rules for finding intercepts and turning points on graphs of functions. This is an evidence of learners’
blurred understanding of f{(x), f/(x) and f”(x), their interrelationship and the geometric meaning of each.

The major source of this error could lie on the teaching and learning approaches which
appear to have emphasised the acquisition of procedural knowledge at the expense of conceptual
understanding (Aspinwall & Miller 1997; Bezuidenhout, 2001; Davis & Vinner, 1986; Morris, 1999;
Toh, 2007). This research also confirmed the findings by Carlson (Carlson et al., 2003), that in the
process of solving calculus problems, students failed to utilise all the given information, opting to
selectively utilise only part of the information which they considered relevant. They ignored other
parts information that would be indispensable in the successful resolution of the problem.
Conclusions

In this study, it could be clearly seen that some grade 12 students encountered some
misconception due to their common knowledge on functions and derivatives as reported in the finding
and discussion sections. Despite the common knowledge and misconceptions reported, the topics on
calculus cannot be removed from the grade 12 curriculum rather the Mathematics teachers teaching
the students should strategized some modern methods of teaching functions and derivatives graph
to improve the students’ performance in functions and derivatives. To reduce the misconceptions
such as Conceptual misconception, generalisation or transfer errors, ignorance of the function rule,
incomplete application of the sketching method, wrong hypothesis and plotting procedure among
many others. There should be a thorough in-service training among the practising teachers. Because
it is generally believed that most of the students find it difficult to calculate function and derivative
without committing one error and others. This result is consistent with that of some other researchers
who worked on functions of a graph and derivatives in mathematics education as earlier discussed.
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icetimcon T'ymani, cmydenm, Kagpedpa mamemamuuroi oceimu Ynigepcumemy ITiedeHHOI
Adgpuku, ITpemopis, ITigdeHHo-Agppukarcbka Pecnybaika.
Kono Haykosux iHmepecig: HaguaHHs MamemMamuxu.

®panc Macino Mauaba, dokmop cpinocoii, npogecop, npogpecop mamemamuuHoi ocgimu,
Kagedpa mamemamuunoi ocgimu Yrieepcumemy ITiedeHHoi A¢ppuku, IIpemopis, ITiedeHHO-
AdgppukaHcbka Pecnybnika.

Koo Haykoeux iHmepecig: Ky1bmypHoO yymauge 8UKAAOAHHS MA HABUAHHSI MAMeMAmMuKuU.

Booaico Irncopdic Daciny, dokmop cpinocogii, dokmop, nocmookmopcbKull HayKogutl
cnigpobimHux, Kagpedpa mamemamuunoi ocgimu Ynieepcumemy IligedeHHoi A¢ppuku, IIpemopis,
IisdenHo-Acppuxarcbka Pecnybaika.

Koo HayKkosux iHmepecig: 8UK1a0aHHs1 MAMeMamuyHol 2paMomHOCMi, MamemamuyHe
MoOen08aHHs, nedazoz2iuHa ocgima, ¢izuuHa ocgima ma mexHonoeiuHa oceima.

PO3YMIHHSA TA XUBHI YAB/IEHHSA YUHIB 12-T'0 K/TACY II1J], YAC BUBUEHHSA
T'PA®IKIB ®YHKIIIH I ITOXITHUX Y MATEMATUYHOMY AHAJII3I

AHomayisn. MareMaTH4HUM aHasi3 IPYHTY€ETbC Ha po3yMiHHI rpadiyHoro rnojaHHs QyHK-
1M Ta IXHIX MOXiJHUX, 110 3a/TUIIAE€TLCS BYK/IMBUM CK/IaJHUKOM MaTeMaTHUHOI oCcBiTH. BogiHOUac
y Tiporieci BUBUEHHSI LIUX TeM B YUHIB ()OpPMYIOTLCSI UMCIeHH] XUOHI ysB/IeHHs], IKi MOXKYTb yCKJIafl-
HIOBaTH Mo/jafblile ONaHyBaHHs MaTeMaTUYHOro aHaji3zy. OfHUM i3 MOIIMpeHUX TTOMU/IKOBUX YSIB-
JIeHb € TPAaKTYBaHHSI HaXWIy TIPSIMOI, TIPOBe/IeHO] uepe3 MeBHY TOUKY, sIK 0e3rocepesiHL0ro BUpa-
JKeHHsI MTOXifHo1 GyHKUil B 1ili Touwi. Take po3yMiHHs He BPaXOBY€ TOTO, 1[0 IOTHYHA € TPaHULIEI0
CiUHUX MPSIMUX Yy TIpoLieci 1X HabMKeHHs 0 TOUKU AOTHKY. SIK HaC/IiZloK, MOHATTS TMOXiAHOI Ta
ccepu 1i 3acTOCyBaHHS iHTEPIIPETYIOTHCS HAaZIMipHO CTIPOIIEHO.

[Te ogHMM NOIIMPEHUM HeMIOPO3YMiHHSIM € CIIPUMHATTS MOXiZHOT SIK TPOCTOr0 Bi/JHOILIEHHS
dy o dx 3amicTb ycBifoMIeHHs 11 sIK IpaHMUL]i cepeAHbOI BUAKOCTI 3MiHU (yHKIil. Yepes 1ie yuHi
YaCcTO BUKOHYIOTh J¥(epeHIIiFoBaHHSI MeXaHiuHO, 6e3 Ha/leXHOr0 PO3yMiHHSI OO TeOPETUUHUX
3acaj. Y pe3y/bTaTi BOHU MPUITYyCKAIOThCSI TTIOMUJIOK TIif YaC BU3HAYEHHsI BHYTPILIHIX i 30BHILIHiX
(yHKIIiH, a TaKoXX He PO3ITi3HaI0Th KOMITo3uLito GyHKIIiH. Lle, CBO€rO Ueproto, CipuuMHsIE TPYAHOILI
y 3aCTOCYyBaHHi rpaiuHOro MeToly 00UMC/IeHHs TIOXi/THUX.

PesysbTaTy AOCTIIKeHHS [jaad 3MOTY BUSIBUTH TUIOBI XUOHI ysiB/IeHHsI Ta [IOMHJIKOBI MPH-
TyLL{eHHS, 11J0 BUHUKAIOTh y TIPOLieci 3aCBOEHHS HOBHUX MaTeMaTUUHUX MOHATh. [0 HUX HazeXaTh
KOHLIETITYa/TbHi XUOHI YsIB/IEHHSsI, KOHIIENTYalbHi TTOMUTKH, TIOMUJIKH y3arajibHeHHs Ta TIepeHeCeH-
Hs 3HaHb, IrHOPYBaHHsI 0OMeXXeHb IMPaBWJ/I, a TaKO)K HeJOCTAaTHE 3aCTOCYBaHHs TMpaBwil. s mo-
CSITHEHHST METH JI0C/Ti/PKeHHsT Oy/10 BUKOPUCTAHO sIKiCHUM METOJ, i3 3a/yueHHsM yuHiB 12-To Kiacy
niBleHHOA()pUKaHCHKOI cepejHbOT IIKO/H, SIKi BUBUAlOTh MaTeMaTHKY.

KirouoBi ciioBa: xubHi ysiB/IeHHsT; 3HAHHS; MaTeMaTUYHUH aHasli3; QyHKLisi; rpadik.
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